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1. I~TROD~~TIO~ 
Consider the second-order linear delay difference equation 
A’x, = P~x~._.~, 7-t = 0, 1,2,. . . ) (1.1) 
an d 
A2x, = 2 P~(TI)z,+~;, 1-L = 0, 1,2, * . . ) (1.2) 
i=l 
where {pa 1, {pi(n) 1are sequences of nonnegative numbers, k, ki are positives, i = 1,2,. . . , m, 
and A denotes the forward operator Ax, = x,+1 - IC,. 
In 111, it is shown that equation (1.1) always has an unbounded and nonoscillatory solution. 
Similarly, we may prove that equation (1.2) always has an unbounded and nonoscillatory solution 
as well. Therefore, we only need to find conditions for all bounded solutions of equation (1.1) 
or (1.2) to be oscillatory. 
Recently, there have been many investigations into the study of delay difference equations. 
In particular, an extensive literature now exists on the oscillation theory for delay difference 
equations (we refer to [2-131 and the references cited therein). However, the corresponding 
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resuits on bounded oscillation for (1.1) and (1.2) are relatively scarce in the literature; we only 
see [I]. 
In the paper [l]! the authors established the following bounded oscillation criterion that if 
k-l 
limsupC(i + l)~,+~ > 1, 
n*ca i=o 
(1.3) 
then every bounded solution of (1.1) oscillates. 
In this paper, we will establish a series of bounded oscillation criteria for (1.1) and (1.2) by 
comparison of (1.1) or (1.2) with a related second-order self-adjoint difference equation and first- 
order delay difference equations. Of them, some are sharp and improve condition (1.3). 
As is customary, a solution {z,} of (1.1) or (1.2) is said to be eventually positive if 2, > 0 for 
all large 72, and eventually negative if z, < 0 for all large n. It is said to be oscillatory if it is 
neither eventually positive nor eventually negative. 
2. COMPARISON THEOREMS 
To obtain the first theorem in this section, we need the following lemma. 
LERrnrA 2.1. Assume that X > 0 and that 
G2 > 0, Ax:, < 0, A2zn > 07 R 1 N, 
Iim L, = lim AZ,, = 0, 
7Z-00 n-96 
and 
A2x, 2 X2x,, 
Thll 
Axe, i- Xx,, I 0, 
PROOF. Set tn = Ax, + XX,. Then 
for 11 2 N. 
for n 2 N. 
A zn - Xz, = A2x, - X2xn > 0; 111 N. 
This implies that (~~(1 f X)-n} is nondecreasing. Since X, --t 0, Axe, 
have zn --t 0 as n w x. Thus , Z~ < 0 for n > N, i.e., 
Axn + XX~ 5 0. for n 2 N. 
The proof is complete. 
The next two theorems are the main results in this section. 
THEOREhI 2.1. Assume that 0 < E < 1 and that for large n, 
4k” 
a, = Pn - (k + 2)“+2 2 0. 
Then every so~utiolz of the second-order se~f-adjoj~2t difference equation 
k+l 
A2y, -t- (1 - e) %Yn = 0. 12 = 0, 1,2,. f 
-.A 
. . 
0 as 12 --+ 00, we 
(2-l) 
(2.2) 
oscillating implies that every bounded solution of (1 .Z) oscillates. 
PROOF. For the sake of contradiction, assume that (1.1) has an eventually positive bounded 
solution {z,}. It is not difficult to show that there exists a positive integer Na such that 
en > 0, .;L’,, > 0, Ax,, < 0, and A2xR > 0, n 2 No - k, (2.3) 
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and 
lim X, = lim Ax, = 0. 
Tl’oo n-C% (2.4) 
Set ‘L’, = ~~[(k +2)/kin. Th en u, > 0 for n 2 No - k, and from (1.1) and (2-l), we have 
A2 IJ, - $ $ anv,-kr n > No. (2.5) 
1=1 
Let 
Then, 
4 k 
‘U, = tin - - 
C( 
Ic2 i=l 
k + 1 - i)Vn-jr n 2 No. 
n 2 No. 
By (2.7), the decreasing nature of {z,}, and the identity 
1 +2~+3z*++..+k&~ - 
1 - (k -I- 1)~~ + kz”+’ 
(1 -CC)2 ’ 
for x # 1, 
we have for n 2 NO, 
4 k 
‘U, = ‘LfL’, - - 
C( 
Ic2 i=r 
k + 1 - i)t~,_~ 
which together with (2.7) implies that 
4, < 0, Au, ~0, and A*u, > 0, 1% 2 No. 
Dlext, we will prove that for large n, 
From (1.1) (2.1) and (2.3), we have 
By Lemma 2.1, it follows from (2.10), (2.3), and (2.4) that 
‘&/* 
AX, + (k +2)("+2)/2 2n 5 " n > No. 
Consequently, we have 
(2-G) 
P-7) 
(2.8) 
(2.9) 
(2.10) 
(2.11) 
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where 
2k”/2 
X0 = (k + 2)(“+2)/2’ 
Substituting (2.11) into (1.1) and using (2.1), we obtain 
A2x, 2 X;(l - X0)-%,, n 2 No. 
Similar to (2.11), we can conclude from the above. (2.3): and (2.4) that 
X,,_k > (1 - XJk.r,, 72 1 No + 2k, 
where 
xi = X0(1 - Xa)-t’2. 
By induction, one can easily show that 
X,-k > (1 - Xj)-kS,, II. 2 No + (j + l)k, 
where 
Xj = X0(1 - Xj_i)-“‘2. j = 1.2,.... 
It is not difficult to verify that 
2 
0 < x0 < x1 < x2 < x3 < ‘. . < - 
k+2 
and 
2 
lim Xj = -. 
j-m k+2 
Set 
R(B) = 1 + (1 - 28)[1 + 2(1 - e)/k]k 
(l-8)2 * 
o<e<1. 
Then lim~,i- R(Q) = 2(1 + k)/k. Let 00 E (0,l) such that 
2 - E < R(eo) < 
(2 - c)k + 2 
(l-e)k 
In view of (2.14) and (2.15), there exists a positive integer N such that 
2eo 2 
-<Aj<-- 
k+2 k+2’ 
j > N. 
Hence, it follows from (2.12) and (2.13) that 
32n-A. 2 [(k y;)Ao]2x”. n 2 No + Nk. 
In view of Lemma 2.1, from (2.3), (2.4), and (2.19). we have 
Ax, + $$ x,, 5 0. 11.1 No + Nk. 
Consequently, we obtain 
(2.12) 
(2.13) 
(2.14) 
(2.15) 
(2.16) 
(2.17) 
(2.18) 
(2.19) 
x,_, I X,-k 
k+2(1 -e,) k--L 1 kf2 ’ l<i<k? - n L No + (N + 1)k. (2.20) 
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Substituting (2.20) into (2X), we have for n 2 N1 = No + (N + l)k, 
4 k 
‘& = ‘L’, - - 
k2 cc 
k + 1 - i)~,_~ 
i=l 
= ‘L’, -~~~k+l-i)(~)n-‘xn-i 
,=l 
k 
X,-k cc k+l-i) 
k + 2(1 - &) ‘-’ 
i=l 
k+2 1 
= u, - R(60)un+ 
From this and (2.17), we obtain 
(2 - C)k +2v _b 2 0, 
(1-c)k 7L ’ 
It follows that 
- wt, n > Nl. (2.21) 
> _(I -c)k 
- XU”’ n 2 N1. (2.22) 
This shows that (2.0) holds. From (2.7) and (2.22), we have 
Set yn = -u,. Then y, > 0 for n 2 N1 and 
(2.23) 
(2.24) 
This shows that inequality (2.24) has an eventually positive solution. By a known theorem in [3,4], 
the corresponding equation (2.2) also has eventually positive solution, leading to a contradiction. 
The proof is complete. 
THEOREM 2.2. Assume that p, -c 1 for large n. Then everJ7 solution of the difference equation 
Ayn + pn+iyn-k+i = 0, ‘11 = O,l, 2,. . . (2.25) 
oscillating implies that every bounded solution of (1 .l) oscillates. 
PROOF. For the sake of contradiction, assume that (1.1) has a bounded eventually positive 
solution {zn}. It is not difficult to show that there exists a positive integer N such that 
pn < 1. 2, > O! Ax,, < 0, and A2x, > 0, n 2 N. (2.26) 
and 
lim x, = lim Ax, = 0. 
n-c0 n-(yI (2.27) 
Hence, summing (1.1) from 12 to n + k + 1, we have 
k+l 
Axe, + CPn+ixn-k+r 5 0, 
i=o 
11 2 N. (2.28) 
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Set 
Then, from (2.28), we have 
AYE + Pn+iYn-k+i 50, 11 1 N. (2.29) 
This shows that inequality (2.29) has an eventually positive solution. In view of Theorem 1 
in [12], the correspondin, c equation (2.25) also has an eventually positive solut,ion. This is a 
contradiction, and so the proof is complete. 
3. OSCILLATION CRITERIA FOR EQUATION (1.1) 
Iu this section, we give some sufficient conditions for bounded oscillation and nonoscillation 
of equation (1.1) by employing Theorems 2.1 and 2.2, and existing oscillation criteria for equa- 
tions (2.2) and (2.25). 
TIIEOREbI 3.1. 
(i) If 
lim inf 
R--CC K 
4k” p, - (k + 2)“+2 )?I > a (&)““, 
tllen elrery bounded solution of (1.1) oscillates. 
(ii) If the vector (p,+l,. . : pn+~) # 0 for large 11 and eventually 
” 
then (1.1) h.s a bounded eventually positkre solution. 
PROOF. 
(i) It follows from (3.1) that there exists E E (O? 1) such that 
lim inf 
4k” 
R-CC pn - (k + ‘4”+2 
(3.1) 
(3.2) 
(3.3) 
In view of Lemma 3 in [ll], (3.3) implies that every solution of (2.2) oscillates. Hence, by 
Theorem 2.1. every bounded solution of (1.1) also oscillates. 
(ii) Let 
4k” 
“’ = (k + 2)“+2 
X 
,$+2 
+ (k + 2)“+2&7 
&-&ST 4(&iTT-x.hq 
(fi+&q)(~+,,‘G-T)+k(fi+~)(Jii.+~) ’ 1 
for 11 > k. Iire verify by direct calculation that for 71 > k, 
4k” k”+2 
“’ - (k +2)“+2 = (k+2)“+2m 
X 
Jii-&ix 4(\/;2+i-&TX) 
(fi+,hGT)(JGT+&i7?)+k(fi+,/‘X)(fi+,./’ii=X) 1 2k”+’ ’ (k+2)“+‘~(fi+~)(fi+~(~+~) 
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It follows from (3.2) that there exists an integer N > k such that 
4k” 1 
Pn ’ (k + 2)“+2 + g (3.4) 
On the other hand, it is easy to see that the function E, = &k/k + 2)n is a positive 
bounded solution of the following equation: 
A2- 4n = 9nZn-k. 11 > k. (3.5) 
In view of (3.4) and (3.5), it is easy to show that (1.1) has a bounded eventually positive 
solution. The proof is complete. 
From Theorem 3.1, we have the following corollary. 
COROLLARY 3.1. 
(i) If 
liminfp, > 
4k” 
rl’cc (k + 2)“+2’ (3.6) 
then every bounded solution of (1.1) oscilhtes. 
(ii) If the vector (p,+l, . . . .p,+k) # 0 for large n and eventually 
4k” 
pn ’ (k + 2)“+2’ (3.7) 
then (1.1) has a bounded eventually positive solution. 
THEOREh4 3.2. Assume that p, < 1 for large n, and that 
‘Then every bounded solution of (1.1) oscillates. 
Theorem 3.2 is a immediate corollary of Theorem 2.2 and Corollary 4 in [7]. 
THEOREhr 3.3. Assume that p, < 1 for large 12, and that 
k-l n+k-i 
lilnsup 
n-m 
c 
. i=O 
(3.9) 
Then el’ery bounded solution of (1 .l) oscillates. 
PROOF. By Theorem 2.2, it suffices to prove that every solution of (2.25) oscillates. Suppose the 
contrary. Then (2.25) may have an eventually positive and nonincreasing solution (9,). Let N 
be sufficiently large that 
yn-k > 0, Yn+1 - Yn 5% 
Summing (2.25) from N to co1 we obtain 
for 11 2 N. 
Y&E l 
k-l n+l 
x( I3 
1+ Pj+k 
*=N ’ + Pn+k+l i=O 3=n_k+j+l ’ -Pj+k-l 
1 
Pn+iYn-k+i 
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It follows that 
k-l iv+k-i Ilfl 
n 
j=n-k+i+l 
Taking the limit superior as N --t o in the above inequality, we obtain 
1 
k-l lv+.k-i ntl 
IhnImIp x c p,+z l--J 
I+ Pj+k n=N 1+ Pn+k+l j=n_k+i+l I- Pj+n--1  I 1, i=O 
which contradicts (3.9). The proof is complete. 
THEOREM 3.4. Assume that 
iimsupC(i + l)p,+; > 1. (3.10) 
n-C% 
i=O 
Tllen every bounded solution of (1.1) oscillates. 
PROOF. For the sake of contradiction, assume that (1.1) has a bounded eventually positive 
solution {xcrL}. It is not difficult to show that there exists a positive integer N such that 
x,, > 0, AxC < 0, and A*x, > 0, ‘1-h 2 llr, 
Summing (1-l) from n > N to IL + k, we obtain 
Summing (1.11) from n > N to n + k again, we obtain 
k n+k k n-i-k-i 
Icn 2 C C PJ+L~J--~+L Z E x pj+ixj-k+i 
i=O j=n r=O j=n 
k n+k-i 
2 xn c c Pj+r = 2, $(i + l)p,++. 
i=O j=n i=o 
It foHows that 
Taking the limit superior as n ---t M in the above inequality, we obtain 
which contradicts (3.10) and so the proof is complete. 
REMARK 3.1. Clearly, both (3.9) and (3.10) improve condition (1.3). 
4. OSCILLATION CRITERIA FOR, EQUATION (1.2) 
THEOREM 4.1. Assume that 
IXen every bounded soIution 
limizf C ‘,x (kt + 2)“1+* P,(12) > 1 4k;, ’ ’ 
i=l 
of (1.2) oscillates. 
(4.1) 
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PROOF. For the sake of contradiction, assume that (1.2) has an eventually positive bounded 
solution {zc~}. It is not difficult to show that there exists a positive integer N such that 
zn > 0, Ax, < O1 and A2x, > 0, n 2 N, (4.2) 
n 2 N, 
and 
lim CC, = lim AX, = 0. 
n-CC n-m 
Then from (1.2), (4.2), and (4.31, we have 
(4.3) 
(4.4) 
and 
A’x, 5 ITEX~_I;, n > NY (4.6) 
where k = max(kl, k2,, . . , k,). Define a set A as follows: 
A = {A > 0 : A2xn 2 X2xn eventually} . (4.7) 
It is easy to see that 2/(k -t- 2)e E A, i.e.! A is nonempty. We shall show that A is bounded 
above. In fact, it follows from (4.2) and (4.5) that 
and so, 
x,_/,. < fk +;‘2e2xn_kil 5 . . . < (k + ;;,2ke2kxn, 11 > N + k. - 
Substituting this into (4.6), we obtain 
A2x, 5 (Ic + ire21 mxn, n > N, - 
which implies that (k + 2)~e~~/2k $ A, i.e., A is bounded above. 
Set Xe = sup A. Then Xe f (0, (k + 2)“e”fi/2”]. F or any Q f (0, l), there exists a positive 
integer N1 = Nl(a) 2 N such that 
A2z, 2 (cY&)~x~, 12 2 Ni - k. (4.9) 
In view of Lemma 2.1, we have 
AZ, + c&z, I 0, ‘12.  NI - k-. (4.10) 
It follows that 
X,-k, 4 (1 - c&)-kBx,, i=l,2, . . . . m, n>Nl. 
Substituting this into (1.2), we obtain 
A2x, 2 x, &(n)(l - aX&+, 12. > Nl, 
which implies that 
and so, 
Lettiq (I -+ 1 and Nl --+ ‘30, we have 
which contradicts (4.1). The proof is complete. 
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THEOREM 4.2. Assume that 
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(4.11) 
TJren elery bounded solution of (1.2) oscillates. 
PROOF. If not, there is a bounded nonoscillatory solution {zCn} of (1.2), which, without loss of 
generality, we can assume to be eventually positive. It is easy to show that there exists a positive 
integer N such that (4.2) holds. Summing (1.2) from n > N to co, we obtain 
m k. 
Axn+x c PnfjZn-k,+j I 0. u 2 N. (4.12) 
I=1 J=o 
This shows that (4.12) has an eventually positive solution. But, in view of Corollary 4 in [7], 
(4.11) implies that (4.12) has no eventually positive solutions. This contradiction complete the 
proof. 
Similar to the proof of Theorem 3.4, we can prove the following. 
THEOREhl 4.3. Assume that 
k, 
linisup 2 C(j + l)pi(?Z +j) > 1. 
n-33 i=i J=o 1 (4.13) 
TJlen every bounded solution of (1.2) oscillates. 
1. 
2. 
3. 
4. 
5. 
A. 
7. 
8. 
9. 
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